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Throughout this abstract, R  denotes a compact (Hausdorff) topological ring.
The authors extend  to ring topologies onR which are totally bounded or even pseu-
docompact; a principal tool is the Bohr compactiﬁcation of a topological ring. They
show inter alia: If the Jacobson radical JR of R satisﬁes wR/JR > ω then there
is a pseudocompact ring topology on R strictly ﬁner than  ; if in addition wR =
wR/JR = α with cfα > ω then there are exactly 22R -many such topologies.
The ring R  is said to be a van der Waerden ring if  is the only totally
bounded ring topology on R. Theorem 4.13 asserts that if R is semisimple, then R
is a van der Waerden ring if and only if in the Kaplansky representation R =
	n<ωRnαn of R as a product of full matrix rings over ﬁnite ﬁelds each αn is ﬁnite.
Other classes of van der Waerden rings are constructed, and it is shown that
there are non-compact totally bounded rings S such that  is the only totally
bounded ring topology on S. © 2000 Academic Press
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1. INTRODUCTION AND TERMINOLOGY
The ﬁrst-listed author and Robertson characterized in [14] those compact
Abelian groups which admit a proper pseudocompact topological group
extension. (They are those whose weight is uncountable.) The construc-
tion was generalized in [12] to the study of pseudocompact extensions of
arbitrary compact groups. As to rings, Tsarelunga [38] in 1990 proved that
if R  is a compact, commutative, totally disconnected ring such that
dR ≥ ω1, then R has a pseudocompact ring topology  ′ such that  ′ ⊇ 
and  ′ =  . (Assuming CH, this implies that if R  is a compact, com-
mutative, totally disconnected ring with wR ≥ ω2, then R has a pseu-
docompact ring topology  ′ such that  ′ ⊇  and  ′ =  .) In the same
year Ursul [40] showed that every countably compact non-metrizable ring
topology can be properly strengthened to a totally bounded ring topology.
This clearly implies that every (compact) ring which is a van der Waerden
ring in the sense of Deﬁnition 2.4 below (that is, every homomorphism to
a compact ring is continuous) must be metrizable.
The present paper deals with extensions of compact ring topologies to
ring topologies which are totally bounded or even pseudocompact. One of
our main tools is the Bohr compactiﬁcation of a topological ring, deﬁned
and considered in Section 2. With the help of this concept we give in
Theorem 2.6 a representation theorem for the lattice of all precompact ring
topologies on an arbitrary ring. That result is used in Section 3 to prove
the following (Theorem 3.4): Let α > ω, let R = R  be a compact
ring with identity such that wR = α, and let h	 RKα be a continuous
surjective homomorphism with K a compact ring, K > 1. Then there are
exactly 22
R
-many pseudocompact ring topologies  on R such that  ⊇  .
This implies: Let R  be a compact ring for which α 	= wR  satis-
ﬁes cfα > ω. If wR/JR = α (in particular, if R is semisimple) then
there are exactly 22
R
-many pseudocompact ring topologies  on R such
that  ⊇  . The proof of Theorem 3.4 is based also on Theorem 3.2,
where uniform ultraﬁlters are used to extend compact ring topologies to
pseudocompact ones. As a corollary one obtains the fact that every com-
pact semisimple ring of uncountable weight has a proper pseudocompact
extension (Corollary 3.3(ii)).
In Section 4 we prove a structure theorem for semisimple van der
Waerden rings. Let 
Rn 	 n < ω be a faithful indexing of the set of all
matrix rings over ﬁnite ﬁelds. By a result of Kaplansky (cited in 1.2(c))
one may write each compact semisimple ring R in the form R = 	n∈Rαnn
for suitable  = R ⊆ ω and cardinal numbers αn = αnRn. Then we
have in Theorem 4.13: Let R be a compact semisimple ring with Kaplansky
representation R = 	n∈Rαnn . In order that R be a van der Waerden ring it
is necessary and sufﬁcient that each αn be ﬁnite.
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In Section 5 we ﬁnd among other things many rings R of each of the
following types:
(1) R has exactly one totally bounded ring topology, and that is not
compact (see Corollary 5.2);
(2) R has many totally bounded ring topologies, and one of these is
contained in every one of these (see Theorem 5.5(ii), in combination with
Theorem 3.4);
(3) every Hausdorff ring topology on R having a neighborhood basis
of ideals is maximally almost periodic (see Corollary 5.7).
In Section 6 we give further examples of van der Waerden rings, including
these:
(1) For each n < ω, the ring pnp equipped with the p-adic topology
is a van der Waerden ring (Theorem 6.1);
(2) for each van der Waerden ring R  with identity, the ring
MnR of n × n matrices with entries from R is a van der Waerden ring
with respect to the product topology (Theorem 6.7).
It is easy to see that every compact Noetherian ring with identity is
a van der Waerden ring (Corollary 4.6). This implies, with the help of
Theorem 6.3, that the radical of a compact commutative Noetherian ring
with identity is also a van der Waerden ring (Remark 6.4(c)). Theorem 6.5
shows, however, that in general the radical of a van der Waerden ring need
not itself be a van der Waerden ring.
It is known ([7, 34]) that every inﬁnite Abelian group G admits exactly
22
G
-many totally bounded group topologies. We prove in Corollary 6.16(b)
that  has exactly 2ω-many totally bounded ring topologies, thus showing
that for rings R with more than one totally bounded ring topology the
equality R = 22R can fail.
By a topological ring R = R  we mean a ring R = R+ · equipped
with a topology  relative to which the algebraic operations x y → x− y,
x y → xy are continuous. A left ideal [resp., right ideal] L of R is said to
be regular if there exists an e ∈ R such that each x ∈ R satisﬁes x− xe ∈ L
[resp., x− ex ∈ L]. The Jacobson radical JR of R is R itself if R has no
proper regular left ideals; otherwise, JR is the intersection of all regular
maximal left ideals. If JR = R then R is said to be a radical ring; if
JR = 
0 then R is called semisimple.
A ring R is said to be Noetherian if each of its left ideals is ﬁnitely
generated. This is equivalent to the condition that R satisﬁes the ascending
chain condition for left ideals (see [46, Chap. V, Section 20]). A local ring
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is a commutative ring with identity having only one maximal ideal [46,
Deﬁnition 20.14]. In our paper, the word ideal refers always to a two-sided
ideal.
As above, we denote by ω the set of natural numbers. The symbol 
denotes the set of primes, and p is the compact ring of p-adic integers.
Our primary reference for background, terminology, and notation is
the book by Warner [46]. The following familiar facts are basic to our
considerations.
1.1. Theorem. (a) For every ring R with identity, JR is the intersection
of the maximal left ideals of R.
(b) [46, (26.19)] Every ring R satisﬁes JJR = JR—that is, every
ring of the form JR is a radical ring.
(c) [46, (26.16)] Every ring R satisﬁes JR/JR = 
0—that is, every
ring of the form R/JR is semisimple.
(d) [46, (26.21)] Every set 
Ri 	 i ∈ I of rings satisﬁes J	i∈I Ri =
	i∈I JRi.
1.2. Theorem. (a) [30, Theorem 8; 46, (32.3)]. In a compact ring R,
the connected component C of 0 satisﬁes CR = RC = 
0.
(b) [46, (32.4)] A topological ring R is compact and totally disconnected
if and only if it is a closed subring of a compact ring with identity.
(c) [30, Theorem 16; 46, (32.6), (32.7)] A nonzero, compact, semisimple
ring R has an identity element and is homeomorphic and isomorphic as a
topological ring to a product 	i∈I Ri with each Ri a ﬁnite simple ring; if R is
commutative each ring Ri is a ﬁnite ﬁeld, otherwise each is a full matrix ring
over a ﬁnite ﬁeld.
(d) [30, Lemmas 9 and 10; 46, (4.20)] A compact, totally disconnected
ring has a neighborhood base at 0 consisting of (open) ideals.
1.3. Deﬁnitions. A topological group G is said to be precompact if for
every neighborhood U of the identity there is a ﬁnite subset F of G such
that G = FU . If G = G  is both precompact and Hausdorff, we say that
G is totally bounded. It is a theorem of Weil [48] that every totally bounded
topological group G = G  embeds densely into a compact Hausdorff
group which is unique up to an isomorphism ﬁxing G pointwise; we call this
group the Weil completion of G and denote it by the symbol G or G .
When the (Abelian) additive subgroup of a topological ring R = R  is
totally bounded, the multiplication of R extends continuously over its Weil
completion (cf. [46, (8.3)]). In this case we refer to the compact Hausdorff
ring R = R  as the ring completion of R.
Given a ring R, we denote by R the set of precompact ring topologies
on R and by R the set of totally bounded ring topologies on R.
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We omit the proof of the following statements.
1.4. Lemma. Let R be a ring and let  be a set of ring topologies on R.
Then
(a) the topological supremum ∨ is a ring topology for R;
(b) if each element of  is precompact then ∨ is precompact; and
(c) if  ∈  is precompact and  ∈ R then  ∨ ∈ R.
1.5. Remark. There do exist many rings which do not admit any totally
bounded ring topology (cf. Examples 2.5 below). However, it follows from
Lemma 1.4 that if a ring R admits a totally bounded ring topology then
it admits a largest such topology. We denote this topology (when it exists)
by the symbol  #rR (cf. Section 4) or simply by  #r when ambiguity is
impossible; the largest totally bounded group topology on an Abelian group
G is denoted  #gG.
Given topologies  and  on a set X with  ⊆ , we denote by  
the set of topologies  on X such that  ⊆  ⊆ , and we refer to  
as an “interval of topologies.” (Of course, this interval is usually not linearly
ordered.)
1.6. Notation. In what follows, given a set 
Ri 	 i ∈ I of rings and given
A ⊆ I and x ∈ 	i∈I Ri, we denote by xA that point of the product 	i∈A Ri
for which xAi = xi for each i ∈ A. This deﬁnes in particular the symbol
0A, and also the symbol 1A in case each of the rings Ri (i ∈ A) contains
an identity element 1i. When every Ri (i ∈ I) has an identity element 1i we
write ei = 
1i × 
0I\
i.
For j ∈ I the projection of 	i∈IRi onto Rj is denoted by πj .
When convenient given 
Ri 	 i ∈ I as above and given sets Si such that
0 ∈ Si ⊆ Ri, we write
⊕i∈ISi = 
x ∈ 	i∈ISi 	 
i ∈ I 	 xi = 0i < ω#
Frequently, with Si0 ⊆ Ri0 , for convenience we identify Si0 with the set Si0 ×
0I\
i0, and in this same context, now given S ⊆ R and x ∈ R, we write
rS = 
i ∈ I 	 πiS = Ri
and
zx = 
i ∈ I 	 xi = 0#
The sets rS and zx are called the restriction set of S and the zero set
of x, respectively.
In Section 4 we will characterize the ﬁnest totally bounded ring topology
on a ﬁxed ring R (when such a topology exists) in terms of the ideals of R
with ﬁnite index. For an application of that characterization in Section 5,
the following purely algebraic lemma will be helpful.
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1.7. Lemma. Let 
Ri 	 i ∈ I be a set of rings with identity, let L be an
ideal in ⊕i∈I Ri, and let Li = πiL for i ∈ I. Then
(a) L = ⊕i∈I Li; and
(b) if L has ﬁnite index in ⊕i∈I Ri then rL is ﬁnite.
Proof. (a) Clearly, L ⊆ 	i∈I Li ∩ ⊕i∈I Ri = ⊕i∈ILi. From ei ∈
⊕i∈I Ri and ei · L ⊆ L follows Li × 
0I\
i ⊆ L for each i ∈ I. Hence
⊕i∈ILi ⊆ L.
(b) Let ⊕i∈I Ri/L = m < ω, suppose that rL ≥ ω, and choose
ﬁnite F ⊆ rL such that 2F  > m. Then from
L ⊆ 	i∈F Li ×⊕i∈I\F Ri ⊆ 	i∈F Ri ×⊕i∈I\F Ri = ⊕i∈I Ri
we have the contradiction
⊕i∈I Ri/L ≥ 	i∈F Ri × ⊕i∈I\F Ri/	i∈F Li × ⊕i∈I\F Ri
= 	i∈F Ri/	i∈F Li = 	i∈F Ri/Li ≥ 2F  > m#
2. PRECOMPACT RING TOPOLOGIES AND
THE BOHR COMPACTIFICATION
The concept of the Bohr compactiﬁcation of a topological group, deﬁned
as in [2] and [25], has been carried over to topological rings (even to uni-
versal algebras) by Holm [26] as follows.
2.1. Deﬁnition. Let R  be a topological ring. A pair bR b  bR
with the following properties is called a Bohr compactiﬁcation of R :
(a) bR b  is a compact ring;
(b) bR is a continuous homomorphism from R  onto a dense sub-
ring of bR b ; and
(c) for every continouous homomorphism φ of R  into a compact
ring C there exists a continuous homomorphism φˆ	 bR b  → C such
that φˆ ◦ bR = φ.
(The map bR is called the Bohr homomorphism associated with the ring
R .)
2.2. Theorem. Every topological ring R  has a Bohr compactiﬁca-
tion, unique up to an isomorphism.
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2.3. Remarks. (a) Holm gives the proof without tools from category
theory, using an idea from his paper with Alfsen [2] to construct the Bohr
compactiﬁcation of a topological group (cf. also [25, p. 123ff]). The Bohr
ring bR is deﬁned to be the separated completion of R with respect to
the ﬁnest precompact uniform structure rendering all algebraic operations
uniformly continuous, and having a uniform topology coarser than  .
(b) A different method of proof which originates in the work of Weil
[49, p. 126] also applies here.
(c) In the categorical setting the ﬁrst part of Theorem 2.2 states that
the full subcategory of compact rings is E-reﬂective in the category of topo-
logical rings and continuous homomorphisms. Here E denotes the class of
continuous homomorphisms with dense image. A proof of this follows for
instance from [1, Theorem 16.8].
(d) Picavet [33] has introduced and studied the concept of the Bohr
compactiﬁcation for arbitrary commutative topological rings with identity
and for general topological modules.
2.4. Deﬁnitions. Let R  be a topological ring.
(a) R  is maximally almost periodic if the Bohr homomorphism
bR is injective; R  is minimally almost periodic if bR is trivial, i.e., if
bR = 1.
[For topological groups this deﬁnition dates back to von Neumann for the
discrete case and to Weil for the general case. Without referring to the Bohr
compactiﬁcation one may deﬁne equivalently that R  is a maximally
almost periodic ring if for every nonzero x ∈ R there are a compact ring K
and a continuous homomorphism h	 R→ K such that hx = 0K .]
(b) R  is a van der Waerden ring if R  is compact and
every homomorphism h	 R  → K with K a compact ring is
continuous.
(The corresponding notion for groups was considered in [9, p. 195], and
years before that Anderson and Hunter [3] had already considered compact
semigroups S with this property of van der Waerden type: Every algebraic
automorphism of S is continuous.)
The terminology of Deﬁnition 2.4(b) is suggested by the work of van
der Waerden [41], who showed (in our terminology) that every compact
connected semisimple Lie group is a van der Waerden group.
Evidently, a compact ring R  is a van der Waerden ring if and only if
 is the largest totally bounded ring topology on R—that is, in the notation
introduced in Remark 1.5, if and only if  =  #rR. Such rings will be
examined in Section 4.
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2.5 Examples. (a) Holm [26, Corollary 1] implies that every inﬁnite
ﬁeld K with the discrete topology d is minimally almost periodic. Let us
give brieﬂy a different proof. If bK = 
0 then the Bohr homomorphism
bK	 K → bK is injective, so the inverse image  of the compact topology
on bK is a totally bounded ring topology on K. Corollary 4.4(a) below then
implies that  is discrete, so K must be ﬁnite.
(b) By [28, Corollary 2 to Theorem 3], the Bohr compactiﬁcation of
topological rings respects products. Thus immediately from (a) we see that
there are many minimally almost periodic topological rings which are not
ﬁelds.
The following theorem is one of the main tools used in the next section.
2.6. Theorem. Let R be a ring furnished with the discrete topology, bR its
Bohr compactiﬁcation, R the lattice of all precompact ring topologies on
R, and 	bR the lattice of closed ideals of bR. Then there is a lattice anti-
isomorphism )	 R −→ 	bR such that bR/)  is the Bohr compacti-
ﬁcation of R  for all  ∈ R. Furthermore, bR/)  is isomorphic to
the completion R .
Proof. In [35, Lemma 2, p. 316] the corresponding theorem for groups
is given. The proof given there and in [34, pp. 62–67] applies here, replac-
ing “group” by “ring” and “normal subgroup” by (two-sided) “ideal”
throughout.
3. PSEUDOCOMPACT REFINEMENTS OF
COMPACT RING TOPOLOGIES
A principal tool in this section is the existence, for certain compact
rings R, of a continuous epimorphism from R onto a ring of the form
Kκ with K > 1, κ > ω. This can occur for many rings, some of which are
identiﬁed in the following theorem.
3.1. Theorem. Let κ be a cardinal with cfκ > ω and let R be a compact
ring with identity. Then the following assertions are equivalent.
(a) There is a continuous epimorphism from R onto some non-trivial
compact ring of the form Kκ.
(b) R possesses at least κ-many closed maximal ideals.
Proof. a ⇒ b. [23, Theorem 2.1] implies the existence of a closed
maximal ideal M of K such that K/M is a matrix ring over a ﬁnite
ﬁeld. Hence there is a continuous epimorphism g	 R −→ K/Mκ. For
every ξ < κ the set Nξ 	= 
x ∈ K/Mκ 	 xξ = 0ξ is a maximal ideal,
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because K/M is simple. Hence g−1Nξ is a closed maximal ideal of R for
each ξ < κ.
b ⇒ a. Apply [23, Theorem 2.3].
3.2. Theorem. Let κ > ω, R = R  be a compact ring, and h	 RKκ
a continuous epimorphism with K a compact ring, K > 1. Then there is a
pseudocompact ring topology  on R such that  ⊇  ,  =  , wR =
wR  + 22κ , and the completion R of R is topologically isomor-
phic to the ring R  ×Kλ, where λ = 22κ .
Proof. We give a sketch of the proof, following the argument used
in [12, Theorem 5.2]. View κ as a discrete space, and given f 	 κ → K let
f 	 βκ → K be the continuous extension of f deﬁned on the Stone–Cˇech
compactiﬁcation βκ of κ. Now for a suitably chosen set W of uniform
ultraﬁlters on κ, with W  = 22κ , the ring homomorphism φ from Kκ into
KW given by φf p = f p ∈ K has a Gδ-dense graph in Kκ × KW .
(Given f g ∈ Kκ, the functions f + g and f + g agree on κ, and hence on
βκ; similar considerations apply to f · g and f · g. Thus φ is indeed a ring
homomorphism.) The graph of the composite function φ ◦ h	 R → KW is
then also Gδ-dense in R×KW and hence is pseudocompact [17]. The topol-
ogy  is deﬁned on R by the requirement that the map x→ x φ ◦ hx
be a homeomorphism from R into R  ×KW . It is well known and
easy to verify that every dense subgroup D of a topological group G satisﬁes
wD = wG; hence
wR = wR = wR  ×KW  = wR  + 22κ #
3.3. Corollary. Let R  be a compact ring. Assume that either
(i) wR/JR > ω, or
(ii) R is semisimple and wR > ω.
Then there is a pseudocompact ring topology  on R such that  ⊇  and
 =  .
Proof. If (ii) holds then JR = 
0 and hence (i) holds, so it is enough
to establish the desired conclusion assuming (i). By Theorem 1.2(c) applied
to the ring R/JR we have R/JR = 	n<ω Rαnn for a suitable (necessarily
countable) set 
Rn 	 n < ω of ﬁnite simple rings. Since wR/JR > ω
some n0 < ω satisﬁes αn0 > ω, so with κ = αn0 we have continuous epimor-
phisms φ	 RR/JR and h	 R/JRRκn0 with κ > ω. Thus by Theorem
3.2 a pseudocompact ring topology  exists on R such that  ⊇  and  =
 , indeed with wR = 22κ = 2R and with R = R  ×K2R .
Next in Theorem 3.6 for compact rings R  with wR = wR/JR
and cfwR  > ω we count exactly the number of pseudocompact ring
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topologies on R extending  . To this end we give ﬁrst a theorem whose
proof closely follows an argument from [37, Kapitel 3] (cf. also [13, 6.4]) and
then a lemma allowing the faithful “pull-back” of pseudocompact topolo-
gies from R/JR back to R itself.
3.4. Theorem. Let α > ω, R = R  be a compact ring with identity
such that wR = α, and h	 RKα be a continuous epimorphism with K a
compact ring, K > 1. Then there are exactly 22R -many pseudocompact ring
topologies  on R such that  ⊇  .
Proof. It follows from Theorem 3.2 that there is a pseudocompact ring
topology  on R such that  ⊇  , wR = 22α = 2R, and R =
R  ×K2R . Now we apply Theorem 2.6. Using the anti-isomorphism )
of lattices introduced there, we deﬁne closed ideals I0, I1 of bR by I0 	=
)  and I1 	= ). Then by restriction, ) induces an anti-isomorphism
)1 from   onto the interval I1 I0 of all closed ideals I of bR with
I1 ⊆ I ⊆ I0. The mapping 3	 I1 I0 −→ 
0 I0/I1 deﬁned by 3I =
I/I1 is an order-isomorphism. Let M0 	= 3I0. To complete the proof
it is enough to show that 
0M0 = 22R . From Theorem 2.6 we have
bR/I1 ∼= R and bR/I0 ∼= R  ( is compact). M0 can be identiﬁed
with a closed ideal of R. Since
bR/I1/M0 ∼= bR/I0 ∼= R 
we have from [12, (6.1)] that wR  +wM0 = wR. Since 2wR  =
R < 2R = wR, we have wM0 = 2R. Since R is the product
R  ×K2R , the result of Numakura [32, (6.1)] implies that M0 has the
form M0 = R0 ×
∏
Mξ 	 ξ < 2R, where R0 is a closed ideal in R and
Mξ is a closed ideal of Kξ = K. Let A 	= 
ξ < 2R 	 Mξ = 
0. Since
wM0 = 2R and wMξ ≤ R for ξ < 2R and wR0 ≤ R, we have
A = 2R. Evidently, 
0 × ∏
Mξ 	 ξ ∈ A possesses 22R -many closed
ideals, which are ideals of R, too, so 
0M0 = 22R , as required.
3.5. Lemma. Let R = R  be a compact ring with a closed ideal L and

q be the set of precompact ring topologies on R/L containing the quotient
topology q on R/L, and for  ∈ 
q let φ−1  be the initial topology
on R induced by  and the usual quotient map φ	 RR/L. Then
(a) each  ∈ 
q satisﬁes  ∨φ−1  ∈ R;
(b) the map  →  ∨ φ−1  from 
q into R is one-to-one;
and
(c) if  ∈ 
q is pseudocompact then  ∨ φ−1  is pseudo-
compact.
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Proof. One veriﬁes easily that φ−1  is a ring topology on R, so (a)
follows from Lemma 1.4. Next, we note that (by ignoring multiplication in
R and R/L) statements (b) and (c) may be reduced to assertions about
(Abelian) topological groups. Then as in [13, (3.2)], statement (b) is imme-
diate from [36, (2.7)]. For (c) we recall from [15] the general assertion that
if H is a closed, pseudocompact subgroup of a topological group G 
with G/Hq also pseudocompact, then G  itself is pseudocompact.
Now since  L =  ∨ φ−1 L, the group L  ∨ φ−1 L is
pseudocompact (indeed, compact), and since  ⊇ q on R/L we have
 ∨φ−1 q =  . Thus (c) follows from the result cited from [15], with
GH  = RL ∨φ−1 .
We note that in the following theorem it is not necessary to assume that
the hypothesized ring R contains an identity. We will apply Theorem 3.4
not to R but to R/JR, where the required identity element is guaranteed
by the representation theorem of Kaplansky given in Theorem 1.2(c) above.
3.6. Theorem. Let R  be a compact ring for which α 	= wR 
satisﬁes cfα > ω. Assume that either
(i) wR/JR = α, or
(ii) R is semisimple.
Then there are exactly 22
R
-many pseudocompact ring topologies  on R
such that  ⊇  .
Proof. As in the proof of Corollary 3.3 it is enough to establish the
conclusion, assuming (i).
From Theorem 1.2(c) the ring R/JR has an identity element and has
the form R/JR = 	n<ω Rαnn for suitably chosen ﬁnite simple rings Rn.
From wR/JR = α = 6n<ω αn and cfα > ω it follows for some n0 ∈ ω
that αn0 = α. We have h	 R/JRR
αn0
n0 = Rαn0 , so Theorem 3.4, applied
with R  hK replaced by R/JRq hRn0, gives 22
R/JR
-many
pseudocompact ring topologies  on R/JR containing q. The conclusion
then follows from Lemma 3.5, taking L = JR and using the relation
R/JR = 2wR/JR = 2α = 2wR = R#
3.7. Remark. If in Theorems 3.4 and 3.6 one desires just 22
R
-many pseu-
docompact group topologies in the topological interval  , rather than
the ring topologies furnished there, one may replace the argument given by
the device of [16]. Indeed, it is shown in [16] that every totally bounded
topological group topology  on the Abelian group R is the topology
A induced on R by a point-separating subgroup A of HomR; fur-
ther, distinct subgroups yield distinct totally bounded group topologies.
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Now let R  be as given in Theorem 3.2 and let  be a pseudocom-
pact ring topology on R such that wR = 22α and  ⊇  (as furnished
by Theorem 3.2), say with  = A and  = B for suitable subgroups
A and B of HomR. It is not difﬁcult to show, using the relations
A ⊆ B and
A = wRA = wR  = α < 22
α = wR = wRB = B
that there are 22
R
-many subgroups C of HomR such that A ⊆ C ⊆ B.
The 22
R
-many group topologies C are then as required; each of the spaces
RC is pseudocompact, being the continuous image of the pseudocom-
pact space R.
4. SEMISIMPLE VAN DER WAERDEN RINGS
The following basic lemma in this connection will be useful throughout
this and the succeeding sections.
4.1. Lemma. For a totally bounded ring R , the following conditions
are equivalent.
(a)  =  #r ;
(b) every ring homomorphism h	 R  → K with K a pre-
compact ring is continuous.
Proof. a ⇒ b. Suppose that h	 R→ K violates (b). The initial
topology h−1 deﬁned on R by h and  is a precompact ring topol-
ogy, and by Lemma 1.4 the topology  ∨ h−1 is a totally bounded ring
topology on R properly containing  #r .
b ⇒ a. If  is a totally bounded ring topology on R properly con-
taining  , then the identity map id	 R  → R violates (b).
4.2. Lemma. Let R  be a totally bounded ring whose completion con-
tains an identity element. Then R  has a neighborhood base at 0 consisting
of (open) ideals of ﬁnite index.
Proof. From Theorem 1.2(b) it follows that R is totally disconnected.
By Theorem 1.2(d) the ring R  has a neighborhood base at 0 consisting
of open ideals of ﬁnite index, so the same is true of R .
Now among all totally bounded ring topologies on a ring R, we charac-
terize the ﬁnest such topology  #r 	=  #rR = ∨R.
We note that if a totally bounded ring R  contains an identity ele-
ment 1, then 1 serves also as an identity for R .
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4.3. Lemma. Let R  be a totally bounded ring, and consider the fol-
lowing two properties:
(i)  =  #r ;
(ii) every ideal of ﬁnite index is  -open.
Then i ⇒ ii, and if in addition the completion of R #r contains an
identity then ii ⇒ i.
Proof. i ⇒ ii. Given an ideal L of ﬁnite index, let L be the (non-
Hausdorff) topology whose open sets are L and its additive translates.
Obviously L is a ring topology for R. Evidently L is precompact, so
 ∨ L ∈ R by Lemma 1.4(c). From  ∨ L ⊆  =  #r then follows
L ⊆  and hence L ∈  .
ii ⇒ i. (assuming 1 ∈ R #r). There is by Lemma 4.2 applied
to  #r a neighborhood base  at 0 consisting of  #r-open ideals of ﬁnite
index. From  ⊆  we infer  #r ⊆  and hence  =  #r .
For totally bounded rings with identity, Lemmas 4.2 and 4.3 assume the
following form.
4.4. Corollary. Let R  be a totally bounded ring with identity. Then
(a) R has a neighborhood base at 0 consisting of open ideals of ﬁnite
index; and
(b)  =  #r if and only if each ideal of ﬁnite index is  -open.
For compact rings one gets
4.5. Corollary. A compact ring R  with identity is a van der
Waerden ring if and only if each ideal in R of ﬁnite index is  -open.
4.6. Corollary. Every compact Noetherian ring with identity is a van der
Waerden ring.
Proof. [44, Theorem 2] implies that every ideal of ﬁnite index is closed,
hence open. Now apply Corollary 4.5.
4.7. Example. Let R be an inﬁnite compact open subring of a locally
compact division ring D with 1D ∈ R. Then R is Noetherian (see [44,
Theorem 8]). In particular, the valuation ring of a proper real valuation
of a locally compact division ring is Noetherian.
4.8. Remark. In [18, Lemma 2.1] it was noted that in an Abelian group
with its ﬁnest totally bounded group topology, every subgroup is closed. It
is natural to ask whether a similar result holds for rings. From 4.6 and [44,
Theorem 2] it follows that a commutative, compact ring R with identity is
a van der Waerden ring in which every ideal is closed if and only if R is
Noetherian. Thus from 4.14(a) we have many examples of commutative van
der Waerden rings with identity which have some non-closed ideals.
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Now with Corollary 4.5 at our disposal we turn (in Theorem 4.13) to our
principal goal in this section, the characterization of semisimple van der
Waerden rings.
4.9. Lemma. Let 
Ri 	 i ∈ I be a set of matrix rings over not necessarily
commutative ﬁelds Fi, and let R = 	i∈I Ri. In any of the matrix rings Ri let
eiµ ν ∈ Ri denote the matrix with 1 ∈ Fi in the µth row and in the νth
column, and 0 ∈ Fi elsewhere. For each x = xii∈I ∈ R deﬁne x˜ = x˜ii∈I
by x˜i = ei1 1 if xi = 0i, and x˜i = 0i if xi = 0i, where 0i denotes the zero
matrix in Ri. Then
(1) zx˜ = zx, and
(2) if L is an ideal in R and x ∈ L, then x˜ ∈ L.
Proof. Part (1) is immediate. For (2) let L be an ideal in R and let
x ∈ L.
For i ∈ zx there is q < ω such that Ri is the ring of q × q-matrices
with entries from the ﬁeld Fi.
Since i ∈ zx there exists a non-zero q× q-matrix ai such that for some
1 ≤ µi νi ≤ q the entry aiνi µi is not the zero element of the ﬁeld Fi.
Now aiνi µi−1ei1 νiaieiµi 1 = ei1 1. (Here the product of the
ﬁeld element aiνi µi−1 by the matrix ei1 νi is deﬁned coordinatewise
as usual.) Then deﬁning ri = si = 0i if i ∈ zx and
ri = aiνi µi−1ei1 νi si = eiµi 1 if i ∈ zx
gives r 	 = rii∈I s 	= sii∈I such that x˜ = rxs
hence x˜ ∈ L.
4.10. Lemma. Let 
Ri 	 i ∈ I be a set of matrix rings over not necessarily
commutative ﬁelds Fi. Let R = 	i∈I Ri, let L be an ideal in R, and deﬁne
<L 	= 
zx 	 x ∈ L. Then
(a) <L is a ﬁlter on I.
(b) If M is a maximal ideal of R then <M is an ultraﬁlter on I.
(c) LetM be a maximal ideal of R. Then rM = 0 or 1; if rM = 0
then the ultraﬁlter <M is non-principal on I, and if rM = 
i0 then <M
is the principal ultraﬁlter 
A ⊆ I 	 i0 ∈ A.
Proof. (a) First, given x y ∈ L we ﬁnd w ∈ L such that zw = zx ∩
zy. We assume without loss of generality, using Lemma 4.9 and its nota-
tion, that x = x˜ and y = y˜. Now deﬁne w = x + y − xy and note that
w = w˜ ∈ L. The relation zw = zx ∩ zy is immediate.
Next, given zx ⊆ A ⊆ I with x ∈ L, deﬁne a ∈ R by aA = 0A, aI\A =
1I\A. Then w 	= ax satisﬁes w ∈ L and zw = A.
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(b) Let I ⊇ A /∈ <M and deﬁne x ∈ R by xA = 0A, xI\A = 1I\A.
Since x /∈ M , by the maximality of M there are y ∈ M and r s ∈ R such
that 1 = rxs + y. This implies zx ∩ zy = ! hence zy ⊆ I\A ⊆ I. So
I\A ∈ <, using part (a).
(c) If i0 ∈ rM then πi0M = 
0i0 since Ri0 is a simple ring. Then
since N 	= Ri0 ∩M × 	
Ri 	 i0 = i ∈ I is a proper ideal of R contain-
ing M we have N = M and hence rM = rN = 
i0. The remaining
statements are obvious.
4.11. Remark. It is not difﬁcult to show, and it is perhaps well known
to the reader, that the map M → <M deﬁned in Lemma 4.10 induces
a bijection between the set 
 of maximal (two-sided) ideals in R and βI,
the Stone–Cˇech-compactiﬁcation of I. Indeed, given < ∈ βI the relation
M = M< = 
x ∈ R 	 zx ∈ < deﬁnes a maximal ideal M ∈ 
, and for
M˜ ∈ 
 and <˜ ∈ βI we have M˜ =M<M˜ and <˜ = <M<˜. Since we
do not need these facts we refer the reader to [10, Chap. 2] for detailed
proofs.
4.12. Discussion. It is a familiar fact that for p ∈  and 0 < k < ω
there is (up to isomorphism) a unique ﬁeld of cardinality pk; we denote
this GFpk. Further, every ﬁnite ﬁeld is isomorphic to one of the ﬁelds
GFpk (p ∈ , 0 < k < ω). For each ﬁeld F one obtains for each m < ω
the ring of m×m matrices over F . In what follows we ﬁx a faithful indexing

Rn 	 n < ω of the set of all matrix rings over ﬁnite ﬁelds and we use the
theorem of Kaplansky [30, Theorem 16] cited in Theorem 1.2(c) to write
each compact semisimple ring R in the form R = 	n∈Rαnn for suitable
 = R ⊆ ω and cardinal numbers αn = αnRn. Our goal now is to
determine which of those rings are van der Waerden rings.
4.13. Theorem. Let R be a compact semisimple ring with Kaplansky rep-
resentation R = 	n∈Rαnn . In order that R be a van der Waerden ring it is
necessary and sufﬁcient that each αn be ﬁnite.
Proof. Necessity. If some αn is inﬁnite then there is a ring homomor-
phism h from R = R  onto a ring of the form Sω where S is a ﬁnite
matrix ring. Now as in [14] there is a ring homomorphism φ	 Sω S with
graphφ dense in Sω × S, and then the map
x→ hx φhx = graphφ ⊆ Sω × S
is a discontinuous homomorphism from R into the compact ring Sω × S.
This contradicts Lemma 4.1.
Sufﬁciency. If  is ﬁnite then since each αn (n ∈ ) is ﬁnite the ring
R itself is ﬁnite and the statement is obvious. We assume then that  is
inﬁnite. According to Corollary 4.5 it is enough to show that each ideal
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L ⊆ R with ﬁnite index is open in R. We write R = 	n∈	k<αn Rnk with
Rnk = Rn and as usual we write rL = 
n k 	 πnkL = Rn. Clearly
πnkL = 
0n for each n k ∈ rL and hence rL < ω; indeed, oth-
erwise, writing L′ = 
0rL ×	n k/∈rLRnk, from L′ ⊇ L we would infer
the contradiction
R/L ≥ R/L′ ≥ 2rL ≥ 2ω > ω#
For n k /∈ rL we have πnkL = Rnk = Rn.
Let I 	= 
n k 	 n ∈  k < αn. With J 	= I \ rL obviously the prod-
uct ring R′ = 	n k∈J Rnk is isomorphic to L′. Hence R′ will be identiﬁed
with L′, and then L can be regarded as an ideal of R′. Thus to complete
the proof it is enough to show that L = R′; for then, since rL < ω
and the rings Rnk with n k ∈ rL are ﬁnite and hence discrete, the set
L is surely open in R. Suppose then that the inclusion L ⊆ R′ is proper,
let M be a maximal (two-sided) ideal in the ring R′ containing L, and as in
Lemma 4.10 deﬁne <M = 
zx ⊆ J 	 x ∈M. By Lemma 4.10(c), <M
is an ultraﬁlter on J. Since rM = !, the ﬁlter <M is non-principal.
Let
x1n x2n # # #  xRnn
be a faithful indexing of Rn and deﬁne for any 0 < m < ω and n k ∈ J
an element ym ∈ R′ as follows:
ymn k =
{
0n 	 m > Rn
xmn 	 m ≤ Rn
}
#
For m = m′ we have
xmn k = ymn k = ym′n k = xm′n k
whenever Rn ≥ m and Rn ≥ m′; thus ym and ym′ agree on only
ﬁnitely many coordinates and hence

n k ∈ J 	 ymn k = ym′n k /∈ <M
since otherwise this set would contain some i0 ∈ J such that <M is the
principal ﬁlter generated by i0. It follows that ym − ym′ ∈M whenever
m = m′, and we have the contradiction R/L ≥ R′/L ≥ R′/M ≥ ω,
whence L = R′.
4.14. Remarks. (a) It is clear from Theorem 4.13 that every product
of ﬁnite ﬁelds of the form 	n<ω GFpnαn , with pn ∈  pairwise distinct
and each αn ﬁnite, for example, the ring 	n<ω pn, is a van der Waerden
ring. Similarly, each ring of the form 	n<ω GFpkn, with ﬁxed p ∈  and
kn < kn+1 for all n < ω, is a van der Waerden ring.
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(b) The existence in profusion of inﬁnite commutative van der
Waerden rings, as indicated in Theorem 4.13, is in striking contrast to the
situation concerning Abelian groups. It was ﬁrst proved by Hulanicki [27]
that every inﬁnite compact Abelian group G = G  satisﬁes G = 2Gˆ
with Gˆ the set of  -continuous homomorphisms from G to , while
Kakutani [29] has shown that HomG = 2G for every inﬁnite
Abelian group G. It follows that the totally bounded group topology
induced on G by HomG is not compact and contains  properly.
That is, no inﬁnite Abelian (compact) group is a van der Waerden group.
(Much more is known about the structure of the partially ordered set of
totally bounded group topologies on an Abelian group; see for example [7]
and [34], and see [6, 11, 13] for extensions to many classes of non-Abelian
groups.)
5. EXTREMAL TOPOLOGIES ON CERTAIN RINGS
According to Theorem 4.13 there are many rings R = R  of the
form R = 	i∈I Ri for which the product topology  is the maximal totally
bounded ring topology on R. Next we investigate when the corresponding
maximality condition holds for rings H such that ⊕i∈I Ri ⊆ H ⊆ R when H
is endowed with the topology  H, each ring Ri being totally bounded.
5.1. Theorem. Let 
Rii 	 i ∈ I be a set of totally bounded topo-
logical rings with identity, deﬁne R  to be the ring R = 	i∈I Ri with the
product topology, and let H be a ring such that ⊕i∈I Ri ⊆ H ⊆ R. Then
(a) if  H =  #rH then each i ∈ I satisﬁes i =  #rRi; and
(b) if H = ⊕i∈I Ri and each i ∈ I satisﬁes i =  #rRi, then  H =
 #rH.
(c) The following conditions are equivalent:
(i)  is a minimal Hausdorff ring topology on R;
(ii)  H is a minimal Hausdorff ring topology on H; and
(iii) i is for each i ∈ I a minimal Hausdorff ring topology on Ri.
Proof. (a) Suppose for some i0 ∈ I that there is U ∈  #rRi0\i0 , and
let  be the product topology on R = 	i∈I Ri relative to the topologies i
on Ri deﬁned by
i = i if i0 = i ∈ I
=  #rRi0 if i = i0#
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From i ⊆ i ∈ Ri (all i ∈ I) follows  ⊆  and hence  H ⊆  H ∈
H, hence  H =  H, hence  Ri0 × 
0I\
i0 =  Ri0 × 
0I\
i0.
This contradicts the relation
U × 
0I\
i0 ∈  Ri0 × 
0I\
i0\ Ri0 × 
0I\
i0#
(b) Since H is dense in R  we have H H = R . By the
argument given just prior to Lemma 4.3, this compact ring has an identity
element, so by Lemma 4.3 it sufﬁces to show that every ideal L of H of
ﬁnite index is  H-open in H. From Lemma 1.7 we have
L = ⊕i∈I Li = ⊕i∈rL Li ⊕⊕i∈I\rLRi = 	i∈rL Li ×	i∈I\rLRi ∩H
∗
with rL now ﬁnite. Clearly Li is an ideal of ﬁnite index in Ri for i ∈ rL,
hence is i-open in Ri by Lemma 4.3, so L is  -open in H by (∗).
(c) According to Banaschewski [5], to prove i ⇒ ii it is enough,
since H is  -dense in R, to show that every closed ideal L = 
0 of R
has a non-trivial intersection with H. There is i ∈ I such that Li = !, and
from ei ∈ R we infer ! = Li × 
0I\
i = ei · L ⊆ L ∩H, as required.
The implication ii ⇒ i is given by Banaschewski [5], and (i) ⇔ (iii) is a
special case of Theorem 1.9 of Dikranyan [21].
5.2. Corollary. Let 
Rii 	 i ∈ I be a set of van der Waerden rings
with identity, let R = 	i∈I Ri be given the product topology  , and let H =
⊕i∈I Ri. Then  H is the only totally bounded ring topology for H.
Proof. Let  be a totally bounded ring topology for H. From
Theorem 5.1(b) we have  ⊆  H, and from Theorem 5.1(c) that
containment cannot be proper.
5.3. Remark. Let R be a ﬁnite simple ring. From Corollary 5.2 it follows,
for every cardinal number α ≥ ω, that with  the product topology on Rα,
the subring H = ⊕α R has  H as its unique totally bounded ring topology.
By Theorem 4.13, however, Rα  itself is not a van der Waerden ring.
5.4. Remark. Corollary 5.2 is identical in spirit to Theorem 3.17 of [13],
where the corresponding conclusion concerning totally bounded group
topologies is established for a product G = 	i∈I Gi of van der Waerden
groups Gi which are compact, algebraically simple, non-Abelian Lie groups.
We showed in Theorem 5.1(c) that for ﬁnite (discrete) rings Ri with iden-
tity, the restriction of the product topology  to every ring H such that
⊕i∈I Ri ⊆ H ⊆ 	i∈I Ri is a minimal ring topology on H. Now we strengthen
that conclusion for certain related classes of rings.
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5.5. Theorem. Let 
Rii 	 i ∈ I be a set of discrete rings with identity,
R  the ring R = 	i∈I Ri with the product topology, and H a ring such that
⊕i∈I Ri ⊆ H ⊆ R. Let  be a (Hausdorff ) ring topology on H and assume
further that either
(i) the rings Ri are simple and there is a local neighborhood basis  at
0 ∈ H consisting of  -open ideals, or
(ii) the rings Ri are ﬁnite and  is a totally bounded ring topology for H.
Then  ⊇  H.
Proof. Under hypothesis (ii) there is by Lemma 4.2 a basis at 0 ∈ H
consisting of  -open ideals, so under either hypothesis it is enough to show
for each i ∈ I that some  -neighborhood U of 0 ∈ H satisﬁes πiU = 
0i
(for then π−1i 
0i ∩H is an additive subgroup of H  with non-empty
interior, hence is  -open, so πi	 H  → Rii is continuous). We ﬁx
i ∈ I and we consider the two cases separately.
(i) Since π maps H onto Ri, each B ∈  has πiB an ideal of Ri,
and hence πiB = Ri. Given x ∈ B ∈  with πix = xi, from ei ∈ H
we have ei · x ∈ B; this shows B ⊇ Ri × 
0I\
i for each B ∈ . Then
∩ ⊇ Ri × 
0I\
i, contradicting the assumption that  is a Hausdorff
topology for H.
(ii) Given 0i = x ∈ Ri, deﬁne yx = 
x × 
0I\
i ∈ H and ﬁnd
Bx ∈  such that yx /∈ Bx. We claim that U 	= ∩
Bx 	 0i = xi ∈ Ri
is as required. Indeed, if 0 = u ∈ U with ui = x then from ei ∈ H we
have the contradiction yx = ei · u ∈ Bx.
5.6. Remark. Evidently Theorem 5.5(ii) provides a direct proof of
Corollary 5.2, without appeal to the more subtle arguments of Theorem 1.9
of Dikranyan [21] (see also [20, Theorem 2]) and Banaschewski [5], in the
special case that the (van der Waerden) rings Ri are ﬁnite. Indeed, 5.5(ii)
shows not only that the restriction  H of the product topology is minimal
among totally bounded ring topologies in that setting, but that every such
topology contains  H. We continue with three additional corollaries to
Theorem 5.5.
5.7. Corollary. Let 
Ri 	 i ∈ I be a set of ﬁnite simple rings, let R =
	i∈I Ri, let H be a ring such that ⊕i∈I Ri ⊆ H ⊆ R, and let  be a ring topol-
ogy for H for which there is a local neighborhood basis at 0 ∈ H consisting of
 -open ideals. Then H  is maximally almost periodic.
Proof. The homomorphisms πi	 H → Ri distinguish points of H in the
sense of Deﬁnition 2.4(a), and according to Theorem 5.5(i) these homo-
morphisms are continuous from H  into the (compact) rings Ri.
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5.8. Corollary. Let 
Rn 	 n < ω be a sequence of (not necessarily dis-
tinct) ﬁnite rings with identity, R = 	n<ω Rn be given the product topology  ,
and H be a ring such that ⊕n<ω Rn ⊆ H ⊆ R. If  is a pseudocompact ring
topology on H, then H = R and  =  .
Proof. The pseudocompact ring topology  is easily seen to be totally
bounded, so  ⊇  H by Theorem 5.5(ii); hence the identity function id:
H  → H H is continuous. The continuous image of a pseudo-
compact space is pseudocompact, so H H is a pseudocompact metric
space and hence is compact (cf. [22, (3D.2)]). Since H is  -dense in R
we have H = R. That  =  then follows from the fact that no pseudo-
compact topology strictly extends a compact metric topology [15, (2.3)]; see
also [19, (3.1)].
5.9. Corollary. A semisimple ring has at most one compact ring
topology.
Proof. Let  and  be compact ring topologies for the semisimple
ring R, and using Theorem 1.2(c) write R  in the form R  = R =
	i∈I Ri with each Ri a ﬁnite simple ring. From Theorem 5.5(ii) we have
 ⊇  and hence  =  .
5.10. Remarks. (a) Corollary 5.9 was proved in 1960 by Warner [42].
Perhaps the present argument is more direct. Warner’s theorem also
emerges as a consequence of this recent very general result of Arnautov
and Ursul [4, Theorem 4.1]: If the Jacobson radical of a ring R admits
exactly one compact ring topology, then R itself admits at most one
compact ring topology.
(b) The methods of this paper evidently furnish a proof of the fol-
lowing statement, given without proof by Ursul [39]: A compact semisimple
ring R  admits a unique pseudocompact ring topology if and only if it is
metrizable. Indeed, if R  is not metrizable then Corollary 3.3(ii) gives a
pseudocompact ring topology  such that  =  , and if R  is metriz-
able then Theorem 1.2(c) allows one to write R = R  = 	n<ω Rn with
each Rn a ﬁnite ring, and then Corollary 5.8 shows that the product topol-
ogy  is the only pseudocompact ring topology on R.
(c) According to [24, Proposition 8.23, p. 119], any product of a
family of ﬁnite rings with identity carries exactly one compact ring topol-
ogy, namely, the product topology. Surely this also follows from Theorem
5.5(ii).
5.11. Remark. It is interesting to remark that the analogues of the the-
orems of this section fail dramatically for compact Abelian groups. For an
illustrative example ﬁx p ∈  and set G = pω in the usual product
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topology  . Algebraically G = ⊕2ω p, so G has 22ω -many group auto-
morphisms. Since G  is separable, at most Gω-many (that is, -many)
of these are  -continuous, so G admits 2-many compact group topologies
distinct from  . We know from Corollary 5.9 that none of these are ring
topologies on G. (Of course, from earlier arguments it follows that G has
2-many totally bounded ring topologies strictly containing  .)
5.12. Remark. We do not know if the hypothesis in Theorem 5.1(b),
which states that the rings Ri have an identity, may be weakened; but we
know that it cannot be eliminated. For example, to this effect let 
Gi 	 i ∈ I
be an inﬁnite set of ﬁnite Abelian groups (written additively, with identity
element 0i) and deﬁne a multiplication on each Gi by the rule xy = 0i for
all x y ∈ Gi. Then Gi = Ri is a ring, and multiplication is continuous with
respect to every topology on Gi = Ri. Now give each ring Ri its unique
(Hausdorff) group topology, i.e., the discrete topology. Then i =  #rRi,
and the product topology on R = 	i∈I Ri is a minimal ring topology on R.
But with H = ⊕i∈I Ri the statement of Theorem 5.1(b) that  H =  #rH
now fails. Indeed, we have  #rH =  #gH and hence
wH H = I < 2I = 2H = wH #gH = wH #rH#
6. EXAMPLES AND COUNTEREXAMPLES
In this section we give (aside from the semisimple case) several examples
of rings which are, and which are not, van der Waerden rings. Further, we
explore totally bounded ring topologies on . We prove in particular in
6.16(b) that  = 2ω, thus showing that for rings R with more than
one totally bounded ring topology the equality R = 22R can fail; this
is in contrast with the situation for inﬁnite Abelian groups G, which admit
22
G
-many totally bounded group topologies (cf. [7, 34]).
6.1. Theorem. For each n < ω, the ring pnp equipped with the p-adic
topology is a van der Waerden ring.
Proof. We proceed by induction. For n = 0 the statement follows from
Corollary 4.6. (Since a quotient of a van der Waerden ring is again a van
der Waerden ring, the statement follows also from 6.5(a) below.)
Now let n < ω, assume that pnp is a van der Waerden ring, and note
that the additive group of the quotient ring pnp/pn+1p is isomorphic to
p, the cyclic group of order p.
Let  be a neighborhood basis at 0 of a ring topology  on pn+1p.
We claim that  deﬁnes a ring topology on pnp. The only non-obvious
property to be shown is that for each r ∈ pnp and U ∈  there exists a
V ∈  such that rV ⊆ U .
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Since the quotient group pnp/pn+1p has cardinality p, each r ∈ pnp
can be written in the form r = kpn + i for suitably chosen k < ω,
0 ≤ k < p, and i ∈ pn+1p. Take U ∈  arbitrary. Choose W ∈  with
W +W ⊆ U and V ∈  such that iV ⊆ W and
V + V + · · · + V︸ ︷︷ ︸
kpn-times
⊆ W#
Then
rV = kpn + iV ⊆ kpnV + iV ⊆ V + V + · · · + V︸ ︷︷ ︸
kpn-times
+iV ⊆ W +W ⊆ U#
Now if the topology generated on pn+1p by  is assumed to be pre-
compact and ﬁner than the p-adic topology, then one achieves on pnp a
topology with the same conditions, a contradiction.
Theorem 6.1 shows in particular that the radical pp of the local van
der Waerden ring p is also a van der Waerden ring. We will prove in
Theorem 6.3 that the corresponding phenomenon persists in a broader class
of local van der Waerden rings.
6.2. Lemma. Let R be a commutative ring with identity, and let  be a
totally bounded ring topology on an ideal L with a neighborhood basis  of
zero. Let E denote a ﬁnite subgroup of the group of units in R such that E ∪
0
is a system of representatives mod L, and for each B ∈  set B∗ 	= ∩e∈EeB.
Then E 	= 
B∗ 	 B ∈  is a basis for the zero neighborhoods of a totally
bounded ring topology E on R such that E  L ⊇  .
Proof. Since x −→ ex is a group homomorphism for all e ∈ E, e 	=

eB 	 B ∈  is a neighborhood basis of zero for a totally bounded group
topology  ′e on L. Since R 	 L is ﬁnite, each  ′e can be extended in an
obvious way to a totally bounded group topology e which has e as a
neighborhood basis of zero.
Let E be the supremum of 
e 	 e ∈ E. Clearly E is a totally bounded
group topology with E  L ⊇  . In the following it is shown that E is
even a ring topology on R. Clearly, E is a neighborhood basis of zero
with respect to E since E is ﬁnite. Now eE = E implies eB∗ = B∗ for
all e ∈ E.
(i) Let B ∈ . Then there is C ∈  with C · C ⊆ B. Let x y ∈ C∗
and ﬁx e ∈ E. Then x ∈ 1 · C = C and y ∈ eC. Thus xy ∈ eC · C ⊆ eB.
Hence C∗ · C∗ ⊆ C∗.
(ii) Take l ∈ L, B ∈ . Then there is C ∈  such that lC ⊆ B. Since
leC = elC ⊆ eB for any e ∈ E, one has lC∗ ⊆ ∩e∈EleC ⊆ B∗.
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(iii) Take r ∈ R and choose B ∈ . Then there exist d ∈ E ∪ 
0,
l ∈ L such that r = d + l. For d = 0 we have by (ii) that there exists
C ∈  with rC∗ ⊆ B∗. Thus we can assume d ∈ E. Choose C ∈  such
that C∗ + C∗ ⊆ B∗, and D ∈ , D ⊆ C such that lD∗ ⊆ C∗ by (ii). Now
rD∗ = d + lD∗ ⊆ dD∗ + lD∗ = D∗ + lD∗ ⊆ C∗ + C∗ ⊆ B∗.
6.3. Theorem. If a local ring R is a van der Waerden ring in the nat-
ural topology generated by the powers of the maximal ideal M (cf. [46,
Deﬁnition 20.14]), then M is also a van der Waerden ring.
Proof. It follows from the arguments of [8, Chap. VI, p. 432] that there
is a ﬁnite group E of units in R such that E ∪ 
0 is a set of representatives
modM . Now apply Lemma 6.2 to complete the proof.
6.4. Remarks. (a) By Corollary 4.6 and [43, Theorem 1], the hypothe-
ses of 6.3 are satisﬁed by any compact commutative Noetherian integral
domain with identity.
(b) It remains open whether under the general hypotheses of
Theorem 6.3 the powers of the maximal ideal (as in 6.1) are also van der
Waerden rings.
(c) Let R be a compact commutative Noetherian ring with identity.
By 4.6, R is a van der Waerden ring. Now R is a ﬁnite product of local rings
each of which is compact in its natural topology [43, Theorem 5], so 1.1(d)
and 6.3 imply that the radical of R is a van der Waerden ring.
Radical rings which are not van der Waerden rings also exist, as is shown
by the following.
6.5. Theorem. Let pii<ω be a sequence of distinct prime numbers, R 	=∏
i<ω pi and R
′ 	= ∏i<ω pipi . Then
(a) R is a van der Waerden ring; and
(b) R′ is the radical of R, and R′ inherits from R a compact ring topol-
ogy which admits 22

-many totally bounded reﬁnements.
Proof. (a) It is easy to see that qpi = pi for every prime number
q = pi. Now let I be a non-trivial ideal of R with ﬁnite index n = qr11 · · · qrll .
Then nR = 	i<ω npi . Since nR ⊆ I and at most ﬁnitely many npi are
different from pi , I is open in R and so Lemma 4.3 applies.
(b) Since Jpi = pipi by Theorem 1.1(d), R′ is the radical of R.
Each Jpi carries a compact topology, so R′ itself is compact. Now, note
that R′2 	= 
a · b 	 a b ∈ R′ = 	i<ω p2i pi is a closed ideal in R, and
consider the ring G 	= R′/R′2. Obviously, G is (as a topological group)
topologically isomorphic to 	i<ω pi with G = . Then as in the proof
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of [7, (5.3)] it follows that there are 22

-many totally bounded group topolo-
gies reﬁning the compact metric topology of G. Since G carries the zero
multiplication, these are in fact ring topologies, so the desired statement
follows from Lemma 3.5(b).
6.6. Remark. We continue the notation of Theorem 6.5. An argument
similar to that given in the proof there of part (a) shows that every ideal
of ﬁnite index in R′ is open in R′. Thus in Theorem 6.5 the topology of
R′ is the ﬁnest totally bounded linear ring topology, so the proper totally
bounded ring reﬁnements ξ (ξ < 22

) (given by 6.5(b)) are necessarily non-
linear. By Theorem 1.2(d) the (compact) completion R˜′ξ of R′ξ has
in each case a non-zero connected component C which satisﬁes R˜′ξ · C =
C · R˜′ξ = 
0. Since R′ is not a van der Waerden ring, it is clear that the
conclusion of Corollary 4.5 can fail for compact rings without an identity.
Another class of noncommutative van der Waerden rings is provided by
6.7. Theorem. Let R  be a van der Waerden ring with identity. Then
the ring MnR of n × n-matrices with entries from R is a van der Waerden
ring with respect to the product topology.
Proof. Let E be the identity of MnR and D 	= 
rE 	 r ∈ R. Then
ϕ 	 R −→ D with ϕr 	= rE deﬁnes an isomorphism of topological rings.
Thus D is a van der Waerden ring in the restriction of the product topology.
Hence any totally bounded ring topology  on MnR coincides with the
product topology when restricted to D, so  equals the product topology
by [4, Theorem 3.1].
6.8. Remark. By [31, Example 7, pp. 61–62] one has JMnR =
MnJR. Thus with the help of Theorem 6.7 we obtain a class of non-
commutative, non-semisimple van der Waerden rings if R is chosen to be
a non-semisimple van der Waerden ring with identity.
6.9. Deﬁnition [45, (37.1); 47]. A family ii∈I of topologies on a set
X is independent if
⋂
j∈J Oj = ! whenever J is a ﬁnite subset of I and
! = Oj ∈ j for each j ∈ J.
6.10. Theorem [45, (37.2); 47, Proposition 1.1]. A family ii∈I of
topologies on a set X is independent if and only if the diagonal mapping
X 	 X −→ XI is a homeomorphism onto a dense subspace of XI when
X and XI carry respectively the supremum topology ∨i∈I i and the product
topology 	i∈I i.
6.11. Theorem [45, (37.6); 47, Satz 2.2]. Let ii∈I be an independent
family of ring topologies on a ring R with identity. If  is a ring topology on R
weaker than ∨i∈Ii then there is a unique family ii∈I of ring topologies
on R such that  = ∨i∈Ii and i ⊆ i for all i ∈ I.
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From Corollary 4.4(b) one infers
6.12. Theorem. The ﬁnest totally bounded ring topology  #r on the
ring  of integers is equal to the supremum taken over the family pp∈ of
all p-adic topologies.
6.13. Lemma. The family pp∈ is independent.
Proof. Let J be a ﬁnite subset of primes and ! = Oj ∈ j . Then there
exist xj ∈ , p
rj
j ∈  such that xj + p
rj
j  ⊆ Oj . By the Chinese Remainder
Theorem there exists x ∈  with x ≡ xj modp
rj
j  for all j ∈ J. Hence
x ∈ ∩j∈JOj .
6.14. Theorem. The Bohr compactiﬁcation bd of the ring of integers
is isomorphic to 	p∈p as a topological ring.
Proof. bd is the ring completion of  #r; cf. (2.3(a)). Then
apply (6.10), (6.12), and (6.13).
(Theorem 6.14 also follows from [8, Corollary to Proposition 17, III,
Sect. 2.13] and Theorem 4.4(b).)
Now for n < ω and p ∈  we denote by pn the precompact ring topol-
ogy on  which has the ideal pn as a neighborhood ﬁlter base of 0. (Then
p0 is the anti-discrete topology, and p = ∨n<ω pn for p ∈ .) We set
Mp = 
p ∪ 
pn 	 n < ω for p ∈ .
6.15. Theorem. Let  be a precompact ring topology on .
(a) There is a unique family 
µp 	 p ∈  with µp ∈ Mp such that
 = ∨p∈ µp.
(b) With 
µp 	 p ∈  as in (a), let I 	= 
p ∈  	 µp = p0.
(1) If I = ω then  is totally bounded; and
(2) if I < ω then  is totally bounded if and only if µp = p for
at least one p ∈ .
Proof. For p ∈  the set of ring topologies on  coarser than p is
exactly Mp. The statement now follows from Theorem 6.11.
6.16. Corollary. (a)  =  = 2ω.
(b) Every totally bounded ring topology on  is metrizable.
We note that Corollary 6.16(b) follows also from Theorem 6.14.
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